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On the Instability of Solutions of Nonlinear Delay Differential
Equations of Fourth and Fifth Order

(Kestabilan Penyelesaian Persamaan Pembezaan Tunda Tak Linear
Tertib ke Empat dan Lima)

CEMIL TUNC*

ABSTRACT

The main purpose of this paper is to introduce some new instability theorems related to certain fourth and fifth order
nonlinear differential equations with a constant delay. By means of the Lyapunov-Krasovskii functional approach, we

obtained two new results on the topic.
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ABSTRAK

Objektif utama artikel ini ialah untuk memperkenalkan beberapa teorem ketakstabilan yang baru berkaitan dengan
persamaan pembezaan tak linear tertib ke empat dan lima dengan tundaan malar. Melalui pendekatan fungsi Lyapunov-
Krasovskii, dua keputusan baru dalam topic ini telah diperoleh.

Kata kunci: Fungsi Lyapunov-Krasovskii; ketakstabilan, persamaan pembezaan tunda; tertib ke empat dan lima

INTRODUCTION

The qualitative theory of nonlinear differential equations
of higher order has wide applications in science and
technology (Chlouverakis & Sprott 2006; Linz 2008).
In particular, by now, there are many works concerning
the instability of solutions of certain, second, fourth
and fifth order nonlinear differential equations without
delay (Dong & Zhang 1999; Ezeilo1978a; Ezeilo1978b;
Ezeilo1979a; Ezeilo1979b; Ezeilo 2000; Hale 1965; Li
& Duan 2000; Li & Yu 1990; Lu & Liao 1993; Sadek
2003; Skrapek 1980; Sun & Hou 1999; Tiryaki 1988;
Tiryaki 1999; Tung 2004a; Tung 2004b; Tung 2005; Tung
2006; Tung 2008; Tung 2009; C. Tun¢ & E. Tun¢ 2004;
Tung¢ & Erdogan 2007; Tung & Karta 2008; Tun¢ & Sevli
2005) and the references cited thereof. It should be also
noted that throughout all of the foregoing papers, based
on Krasovskii’s properties (see Krasovskii 1963), the
Lyapunov’s second (or direct) method has been used as
a basic tool to prove the results established therein. On
the other hand, it is crucial to obtain information on the
qualitative behaviors of solutions of differential equations
while we have no analytical expression for solutions.
For this purpose, the theory of Lyapunov functions and
functionals is a global and the most effective approach
toward determining qualitative behaviors of solutions of
higher order nonlinear differential equations.

It is worth mentioning that in (El’sgol’ts 1966)
expresses “ The formulation and proof of the Lyapunov’s
three theorems is almost unchanged if the system of
differential equations without deviating arguments is

changed to the system of differential equations with
deviating arguments”.

Meanwhile, Ezeilo (2000), and Ezeilo (1978b)
established two instability results for the fourth and fifth
order nonlinear differential equations without delay:

XD+ """ + g, 1, x", X" + O + f(x) =0

ey

and

X+ P(xx" + p(x") + O(x) + f(x) =0, 2
respectively.

In this paper, instead of (1) and (2), we consider
the fourth and fifth order nonlinear delay differential

equations:

_x(4) + w(xll)xlll+ g(x’ x(t _ r)’ s xm’ xm(l _ r))xu

+ 0 +f(x(t—1)) =0, (3)
and

X(S) + wl('x")xm + ¢(x’ -x(t - r), ey x(“), x(A)(t — r))x"

+0,(x) +f,(x(t=1r)) =0, 4)
respectively.

We write (3) and (4) in system form as:

X =y,

y' =z,
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'=u,

u'=-yPp@Qu—gx,xt—r), ..., u, ut—r))z—0y)—f(x)

+?f’(x(s))y(s)ds, (35)
and

x'=y,

y =z

7 =w,

w =u,

u = (Qw— PO, x(t=7), ..., u, ult—r)z—0,() -1, (¥)

t

+t£f,'(x(s))y(s)ds, (6)

respectively, where r is a positive constant, fixed delay,
the primes in (3) and (4) denote differentiation with
respecttot,t € §R+= [0,0); 9,8, 0,.f, v, ¢, 0, andf, are
continuous functions in their respective arguments on
R, RS, R, R, R, RO R and R, respectively, and with
0(0) = 6,(0) = f(0) =£,(0) =0, and satisfy a Lipschitz
condition in their respective arguments. Hence, the
existence and uniqueness of the solutions of (3) and (4)
are guaranteed (El’sgol’ts 1966). We assume in what
follows that the functions f and f, are also differentiable,
and x(1), y(?), z(t), w(z) and u(¢) are abbreviated as x, y,
z, w and u, respectively.

On the other hand, it is worth mentioning that to the
best of our knowledge from the literature, we did not find
any paper on the instability of solutions of fourth and fifth
order delay differential equations. This paper is the first
attempt on the topic. The basic reason with respect to the
absence of any paper on this subject is due to the difficulty
of the construction or definition of appropriate Lyapunov
functionals for the instability problems concerning higher
order delay differential equations. The construction and
definition of appropriate Lyapunov functionals for higher
order differential equations remain as a general problem
in the literature. In this paper, by defining two appropriate
Lyapunov functionals we verify our results. The motivation
for this paper comes from the above mentioned papers
and that of (Ko 1999). Our aim is to convey the results
established in (Ezeilo 1978b) and (Ezeilo 2000) to
nonlinear delay differential (3) and (4) for the instability
of solutions of these equations.

Let =0 be given, and let C = C([-r, 0], R") with:

o] =maxe(s) .0 €C.

For H > 0 define C, C C by:

C,={oEC:|¢|<H}.

If x:[-r, a] = R" is continuous, 0 < A < o, then, for
each ¢in [0, A), x,in C is defined by:

x(s) =x(t+s), r=s5<0,1=0.

Let G be an open subset of C and consider the general
autonomous delay differential system with finite delay:

Xx=F(x), x=x(t+0),r<0<0,t=0.

where F(0) = 0 and F:G —R" is continuous and maps
closed and bounded sets into bounded sets. It follows from
these conditions on F that each initial value problem:

X=F(x) x,=¢ €G,

has a unique solution defined on some interval [0, A), O
< A < o0, This solution will be denoted by x(¢)(.) so that

X,(p) =¢.

Definition. Let F(0) =0 for t =0. The zero solution,x =0,
of X = F(x)) is stable if for each & > 0 there exists 0 = d(¢)
>0 such that ||| < O implies that |x(¢)(1)| < € for all t 20.
The zero solution is said to be unstable if it is not stable.

MAIN RESULTS

Our first main result is the following theorem.

Theorem 1. Together with all the assumptions imposed on
the functions v, g, @ and fin Eq. (3) assume that there exist
positive constants a,, a,, € and O such that the following
conditions hold:

f0)=0,f(x)#0, (x#0),00)=0, 0(y) 0, (y #0).
a,—g(xx(t—r), yy(t—r), z,z(t = r), uu(t —r)) = 0

for arbitrary x, x(t —r), ..., u, u(t—r),
fx) - %af > ¢, f(x) < a, for arbitrary x.

Then, the zero solution, x =0 of Eq. (3) is unstable provided
that

r <£min{s,6}.
4
Remark. The core of the proof of Theorem 1 will be to
show that, under the conditions of Theorem 1, there exists
a continuous functional Vi=Vi(x, 2, ”,) which has the
following three properties:

(K,) In every neighborhood of (0, 0, 0, 0) there exists
a point (§, M, T, W) such that V (§,m, T, p) >0,

(K,) the time V, =divl (x,.y,.2,,u,) derivative along

solution paths of the corresponding equivalent differential
system for Theorem 1 is positive semi-definite,

(K,) the only solution (x, y, z, u) = (x(t), y(t), z(t), u(t))
of (5) which satisfies is the trivial solution (0, 0, 0, 0)

Proof. Consider the Lyapunov functional V, =V (x, y,
z,, u) defined by



V, = }w(s)sds +a,yz + zu + yf (x)
+ 18 (s)ds — A, [ [ y(O)dods. %

—ri+s

0 ¢
where s is a real variable such that the integral [ [ y* (0)
dbds is non-negative, and ), is a positive constant which
will be determined later in the proof.
It is clear that:

V0,0, ¢ €)=¢ % 8,6>0,

for all sufficiently small £ , 0<e <1, where 0, = max W (z) .

Hence, in every neighborhood of the origin, (0, 0, 0, 0)
there exist a point (0, 0, & *, ¢) such that V1(0, 0, ¢ *, &)

1271 >
> 0, which verifies the property (K,) (Krasovskii 1963).
The time derivative of V (x,, y,,z, u) in (7) along with

the solutions of (5) is given by:

d
EV] (x/,yl,z,,u,)=[a2 —g(x,)c(t—r),...,u(t—r))]z2

Jr-faly st rsepis)as

t-r

u +“l a 2
> 2y

A1y + ), j ¥ (s)ds.

r-r

(®)
Using the assumptions of Theorem 1 and applying the
estimate 2|mn| < m? + n* one can easily get the following

inequalities for the first three terms included in (8):

[a, — gex(t —r)....uu(t —1)]z> = 822,

1
f’(X)—Zaf]yzzey%

zif’(x(s))y(s)ds 2—|z| er'(x(s))|y(s)| ds
] t

z—Et!rf'(x(s))(zz (l‘)+y2 (s))ds

=% {2 (0 (9)as

1 1 !
=—5a4rz2 —ZaAfyz(s)ds.

t-r

Then, the above inequalities imply:
d Vv > (e=) V2 + (0=2"" 2
SV, 2,0) = (eA Y+ (0-2"a )
+(\2'a) [ Y(s)ds.

Let A, = %a4. Hence

% V(x.y.z,u) = (e-2"ar)y* +(8-2"arz*>0
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provided that r < 2 min{¢g,d0}, which verifies the property
a4
(K,) (Krasovskii 1963).
On the other hand, di V(x.y,z,u)=0 if and only if
t

y=2z=0, which implies that:

y=z=u=0.

Besides, by f'(x) # 0 for all x # 0 and the system (5),
we can easily prove that % V,(x,y,z,u)if and only if x =
y=2z=u=0, which verifies the property (K,) (Krasovskii
1963). By the foregoing discussion, we conclude that the

zero solution of Eq. (3) is unstable.
The proof of Theorem 1 is now completed.

Example 1. Consider nonlinear fourth order delay
differential equation of the form:

2
W+ 1+ xn

45
L+x? +x7 (t=r)+..+u’ +u’ (t-r)

+4x°(1) + 9x(t - r) = 0. )

The above equation may be expressed in system form
as follows:

X =Y,
y =z,
z=w,
w =u,
uw = -Su-|1+ 2 z

L+x? +.+u’ (1-7)

—4y—9x+9j' y(s)ds.

t-r

Clearly, Eq. (9) is special case of Eq. (3), and we have
the following estimates:

Y@) =35,

2
AUt (1-r)

glxx(t—r),...,uu(t—r)) =1+
1+x +..

2 _4,

Cl+x +o+u’(t-r)

0 =4y.f()=9%.f(x)=9=a,

>1=0,a

2

and |
fx) - Zaf =5>¢=1.

In view of the above discussion, it follows that all the
assumptions of Theorem 1 hold. This shows that the zero
solution x = 0 of Eq. (9) is unstable provided that r < %

Our second main result is the following theorem.
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Theorem 2. Together with all the assumptions imposed
on the functions v , ¢, 0, and f, in Eq. (4), assume that
there exist constants a,, a, and a, such that the following
conditions hold:

£,0)=0,0)=0,fx) %0, (x 20).d, <f(x) a<0 for
arbitrary x,

0.() %0, (y#0),

P, X(t—1), yy(t —r), 2,2 = 1), ww(t =), uu(t —r)) = a,>0

for arbitrary x, x(t —r), ..., u, u(t—r).
Then, the zero solution, x = 0, of Eq. (4) is unstable
provided that

2 .
r<a—5mln{a5,—a3}.

Proof. Consider now a Lyapunov functional V, =V, (x,
v, 2z, w, u) defined by

1 ;
V= = (x) 2, (5)ds
0

—}w, (s)sds—?»zj'jyz (B)dﬁs, (10)

where s is a real variable such that the integral is non-

0 r
negative [ [ ¥*(6)d®s, and A, is positive constant which

will be determined later in the proof.
It is clear that

V,(0,0,0, &,,0) = %sg >0
for all sufficiently small ,. Hence, in every neighborhood
of the origin, (0,0,0,0,0) there exist a point (0,0,0,¢,,0)
such that Vv (0,0,0,¢,,0) > 0, which shows that V, has the
property (Krasovskii 1963).

On the other hand, by an elementary differentiation,

time derivative of the functional V,(x,y,z,w,u) in (10)
along the solutions of (6) yields that

% V,08,3,2,W,10) = f OYHPOo ().t ()2
-Z } I fx()y(s)ds — Ary* + 4, } y* (s)ds.

The assumptions @, < f'(x) <a,<0, ¢(.) 2 a,>0 and
the estimate 2|mn| < m? + n* imply that:

_zif’(x(s))y(s)ds =] if’(x(s))ly(s)l ds
[ 7 (@) ()" (s

so that:

% V(x,y,2,w,u) = (—a, — \r)y* +Ha+2"'ar)z’

+(%E§ +k2) j y* (s)ds.

-r

1_
Let A, =-—4a;. Hence
2

E‘/Z (x,,yl,zt,w/,u,)z(—as +2_155r)y2

+(a3 +2"55r)z2 >0

provided that r <£ min {a,, —as}, which verifies that V,
a5 )
has the property (K,) (Krasovskii 1963).
On the other hand, % VZ(xt,yt,zt,w O 0 if and only
if y = z =0, which implies that

y=z=w=u=0.

Furthermore, by f(x) # 0 for all x # 0, it follows that
a V,(x,y,z,wu)=0ifandonly if x=y=z=w=u=
dt
0. Thus, the property (K.) is fulfilled by V, relative to
(4) (Krasovskii 1963). By the foregoing discussion, we

conclude that the zero solution of Eq. (4) is unstable. The
proof of Theorem 2 is now completed.

Example 2. Consider nonlinear fifth order delay differential
equation of the form
£ +{1+(x”)z}x”’+{1+c:xp(—1—x2 -x(t-r)—mut - (1 —r))}x”

+x'(t)=x(t=r)=-4arcigx(t-r) =0.

an

We write Eq. (11) in system form as follows:

x'=y,
y' =gz
=w,
w =u,

u” = -(1+2)w-{1+exp(-1-x*-.. .-u*(t=r)}-y + x + darctgx
! 1

I ¥(s)is—4 f

vee (S)y(s)ds.

It follows that Eq. (11) is special case of Eq. (4) and:

Yl =1+ 2,
P, x(t = 71),...,uu(t —r)) = 1+exp{-1-x*...-u*(+-r)},
1 +exp{-1-x-...-u(t—r)} =1 =a,

0,(y) =y, f,(x) = -x-darctgx, f'(x) = -1-1 4

1+x°




<-1 =a,.

In view of the above estimates, we conclude that all
the assumptions of Theorem 2 hold. Hence, we arrive at the
zero solution x = 0, (11) is unstable provided that , < 2‘

5
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